Abstract. A Beauville surface is a rigid complex surface of the form ðC 1 Â C 2 Þ=G, where C 1 and C 2 are non-singular, projective, higher genus curves, and G is a finite group acting freely on the product. Bauer, Catanese, and Grunewald conjectured that every finite simple group G, with the exception of A 5 , gives rise to such a surface. We prove that this is so for almost all finite simple groups (i.e., with at most finitely many exceptions). The proof makes use of the structure theory of finite simple groups, probability theory, and character estimates.
Introduction
Catanese [4] defined a Beauville surface to be an infinitesimally rigid complex surface of the form X :¼ ðC 1 Â C 2 Þ=G, where C 1 and C 2 are non-singular projective curves of genus f 2, and G is a finite group acting freely on the product. Every g A G respects the product decomposition C 1 Â C 2 . Let G 0 denote the subgroup of G (of index e 2) which preserves the ordered pair ðC 1 ; C 2 Þ. Any Beauville surface can be presented in such a way that G 0 acts e¤ectively on each factor. Catanese called such a presentation minimal and proved that it is unique [4] , Proposition 3.13. A Beauville surface is mixed (resp. unmixed ) if ½G :
There has been an e¤ort to classify finite groups G appearing in minimal presentations of unmixed Beauville surfaces. A finite group G appears in this way if and only if it admits an unmixed Beauville structure. This consists of an ordered quadruple ðx 1 ; y 1 ; x 2 ; y 2 Þ A G such that each set fx i ; y i g generates G and Sðx 1 ; y 1 Þ X Sðx 2 ; y 2 Þ ¼ feg;
where Sðx; yÞ is the union of conjugacy classes of all powers of x, all powers of y, and all powers of xy. Bauer, Catanese, and Grunewald proved in [1] , Theorem 7.16 , that all su‰-ciently large alternating groups admit an unmixed Beauville structure and conjectured in [1] , Conjecture 7.17 , that all (non-abelian) finite simple groups except A 5 do so (the group A 5 is a genuine exception).
Some progress has been made on this conjecture. In [8] it was shown that it holds for alternating groups, i.e., that A n admits an unmixed Beauville structure for all n f 6. Partial results for groups of the form PSL 2 ðqÞ and 2 B 2 ð2 2f þ1 Þ were given in [1] ; complete results for the same two families together with the Ree groups 2 G 2 ð3 2f þ1 Þ were proved in [9] and [10] . Additionally, the groups of the form G 2 ðqÞ and 3 D 4 ðqÞ (in characteristic p > 3) and PSL 3 ðqÞ and PSU 3 ðqÞ (all q) were treated in [10] .
The goal of the current paper is to prove the Bauer-Catanese-Grunewald conjecture for almost all finite simple groups. Theorem 1. For every su‰ciently large non-abelian finite simple group G, there exists a Beauville surface with minimal presentation C 1 Â C 2 =G.
Before saying something about the proof, let us put our result in a more general group-theoretic context. The existence of an unmixed Beauville structure on G amounts to the realization of G as a quotient of (hyperbolic) triangle groups in two ''independent'' ways. The question of which finite simple groups are quotients of triangle groups has attracted a lot of attention in the group theory literature. There has been special interest in the ð2; 3; 7Þ-triangle group, also known as the Hurwitz group (see [5] and the references therein), but considerable attention has been paid to other triangle groups as well (see [20] and the references therein). Usually the question has been asked from the angle of characterizing finite simple quotients of a fixed triangle group. Here the point of view is di¤erent: given a finite simple group, we will provide several (in fact, many) ''triangle'' generations of it. In this context, one should mention the old conjecture of Higman, proved by Everitt [6] , asserting that for every hyperbolic triangle group G, all but finitely many alternating groups are quotients of G. Of course, this gives Theorem 1 for almost all the alternating groups. One should not be tempted to conjecture that given G, almost all finite simple groups are quotients of G. In this connection, [20] has some intriguing and suggestive results.
Taking an even broader perspective, one can study finite quotients and representations of Fuchsian groups (see, e.g., [16] and [14] ), but usually triangle groups are the most di‰cult to deal with.
Let us now give a short description of the proof. As mentioned above, the result is known for alternating groups, and we can ignore the finitely many sporadic groups. By the classification of finite simple groups, we only need to consider groups of Lie type. For each such group which is su‰ciently large, we will present two maximal tori T 1 and T 2 . If C i denotes the set of all conjugates of elements of T i , we ensure that C 1 X C 2 ¼ feg, and that in each C i we can find x i and y i such that
To assure (a), we use some of the well developed theory bounding the indices and the number of maximal subgroups in G. On the other hand, (b) can be proved by means of character estimates. While it is quite likely that the estimates we need can be deduced from Lusztig's theory, a much softer and more elementary method is presented in §1. This method works for general finite groups and may have some independent interest and applications.
The paper is organized as follows. In §1, the new character estimate is presented. In §2, we state Proposition 7, which claims that two tori exist with some desired properties. We illustrate the proposition by proving it for groups of the form PSL n ðqÞ for all but finitely many pairs ðn; qÞ. We then present Theorem 1 modulo Proposition 7, leaving the detailed case analysis required to prove Proposition 7 in general to §3. The only groups not covered by prior work are now the Ree groups 2 F 4 ð2 2f þ1 Þ, which are discussed in §4, using a di¤erent method which is applicable to groups whose maximal subgroup structure is well understood. The case 2 F 4 ð8Þ requires special treatment, namely a Magma computation whose details are not presented. This paper is dedicated to the memory of Fritz Grunewald, who has been influential in the area of Beauville surfaces by connecting it to group theory [1] . It has been typical of Fritz to serve as a bridge between di¤erent areas of mathematics. His legacy as a mathematician and as an outstanding personality will be remembered for many years.
Elementary character bounds for general finite groups
Let G be any finite group. We say that a A G is abstractly regular if the centralizer ZðaÞ of a in G is abelian. We give an upper bound for the absolute value of irreducible characters evaluated at abstractly regular elements. Proof. As A is abelian and a A A, A H ZðaÞ. As a is abstractly regular, ZðaÞ is abelian. Since A is maximal abelian, A ¼ ZðaÞ. Thus,
we have
The converse is trivial. r Theorem 3. Let A denote a maximal abelian subgroup of G. Suppose that there exist proper subgroups A 1 ; . . . ; A n of A such that every element in
is abstractly regular. Let N ¼ NðAÞ denote the normalizer of A. If w is any irreducible character of G, then
We identify ZA Ã with the ring of characters of virtual complex representations on A. Let f A ZA Ã be the character associated to the restriction of w to A. For each i from 1 to n, let f i A A Ã be a character which is trivial on A i and non-trivial on a. For every non-trivial root of unity o, there exists an integer k such that jo k À 1j f ffiffi ffi 3 p , so replacing f i by a character of the form f k i , we may assume that
Let g 1 ; . . . ; g k denote a set of coset representatives for G=N. By Lemma 2, distinct pairs ðg i ; aÞ, with a A A , give rise to distinct elements g À1 i ag i . Therefore,
As jf i ðaÞ À 1j e 2 for all i,
Writing c as a linear combination
Thus,
As the c i are integers, If r f 2 and the characteristic polynomial of t 2 A G has an irreducible factor of degree r, then
Proof. Let PðxÞ denote the characteristic polynomial of t 1 . Every non-zero vector v A F rþ1 q determines an isomorphism
q . Thus we can identify t 1 with multiplication by a generating element a of the extension F q rþ1 of F q . The centralizer A of t 1 consists of determinant 1 F q -linear automorphisms of F q rþ1 which commute with multiplication by a and therefore multiplication by all scalars in
Any element of the normalizer N corresponds to an F q -linear operator T on F q rþ1 such that for some b A F q rþ1 , TðaxÞ ¼ bTðxÞ for all x A F q rþ1 . If QðxÞ is a polynomial in F q ½x,
If the automorphism is trivial, then T corresponds to an element in ZðAÞ ¼ A. Thus ½N : A e r þ 1.
On the other hand, any element in A which corresponds to a generator of the field F q rþ1 over F q has centralizer A, so we may define F i to be the ith maximal proper subfield of F q rþ1 over F q and A i to denote the elements of A which can be regarded as elements of F i . The number n of such maximal subfields is the number of distinct prime factors of r þ 1. Writing
with 2 e p 1 < p 2 < Á Á Á < p n , we have
Theorem 3 now implies (1).
If r f 2 and the characteristic polynomial factors as PðxÞðx À aÞ, we can identify F rþ1 q with F q r Â F q and the centralizer of t 2 with multiplication operators À b; NðbÞ À1 Á on this algebra, where b A F Â q r and N denotes the norm map to F q . The proof now proceeds as before. r At this point, the reader who is primarily interested in the case SL n ðF q Þ can proceed directly to §2. Here we generalize these examples, replacing SL n by any simply connected simple algebraic group G. Our reference for the theory of such groups is [3] .
Let F q be a finite field and G a simply connected simple algebraic group over F q . Let G ¼ GðF q Þ. It is often useful to think of GðF q Þ as GðF q Þ F , By the classification of (nonabelian) finite simple groups, with finitely many exceptions, each such group is an alternating group, a Suzuki or Ree group, or a quotient of GðF q Þ by its center, for some G. With finitely many exceptions, G determines G and F q . Let B be a Borel subgroup of G and T 0 a maximal torus of B defined over F q . Let N denote the normalizer of T 0 and let W :¼ N=T 0 denote the Weyl group of G with respect to T 0 . Thus F acts on W compatibly with its action on the character and cocharacter groups X and Y of T 0 . Note that W F is never trivial, since B defines an F -stable longest root a, and the reflection s a is therefore F -invariant. The group G is determined up to isomorphism by its Dynkin diagram, the prime power q, and the order m of F viewed as an automorphism of the Dynkin diagram of G.
There is a bijective correspondence between G-conjugacy classes of F q -rational maximal tori in G and F -conjugacy classes in W , i.e., W -orbits under the W -action z:w :¼ z À1 wF ðzÞ. There is also a bijection between F -conjugacy classes in W and W -orbits in the coset W z 1 H W 0 . For each F q -rational torus T of G, we write T ¼ TðF q Þ and denote by T rcc the set of G-conjugacy classes of regular semisimple elements of T.
Proposition 5. Let ½w 0 denote a W -orbit in W z 1 and T 0 an F q -rational maximal torus of G in the class of tori associated with ½w 0 . Let T 0 :¼ T 0 ðF q Þ. Suppose that t 0 A T 0 is regular semisimple and w is an irreducible character of G. Then
where n denotes the number of subgroups of prime order in Stab W ðw 0 Þ.
Proof. As T 0 contains a regular semisimple element, T 0 is a non-degenerate torus in the sense of [3] . Let N 0 denote the normalizer of T 0 . By [3] 
is regular semisimple and therefore regular. By [3] , 3.5.4, if a is not regular, the centralizer H of a in G is a connected reductive group with maximal torus T 0 such that the Weyl group of H with respect to T 0 is a non-trivial subgroup of the Weyl group of G with respect to T 0 . Therefore, there is some non-trivial F -stable element of N 0 =T 0 which commutes with a. Some power of this element is of prime order, and therefore some power lies in hx i i for some i e n, and it follows that a belongs to A i .
The proposition now follows immediately from Theorem 3. r Corollary 6. For all A; B > 0 there exists C such that if G is of rank r, Stab W ðw 0 Þ is abelian of order less than Ar 2 and has a cyclic subgroup of index less than B, then for every regular semisimple t 0 A T 0 and every irreducible character w,
Proof. Let H :¼ Stab W ðw 0 Þ. The number of subgroups of H of any given prime order p is bounded in terms of B, and the number of subgroups of order p > B is at most 1. On the other hand, the number n of distinct primes p i dividing jHj is oðlogjHjÞ since the sum of the log p i is at most logjHj, and if the p i are arranged in ascending order, log p i > log i. Thus ð4= ffiffi ffi 3 p Þ n ¼ jHj oð1Þ ¼ r oð1Þ : It follows that for all e > 0,
which implies the corollary. r
Proof of the main theorem
Let dðGÞ denote the minimum degree of a non-trivial irreducible representation of G. By estimates of Landazuri-Seitz [13] , there exists an absolute constant c 1 > 0 such that
where G is of rank r.
We need one more result before beginning the proof of the main theorem.
Proposition 7.
There exist absolute constants c 2 and c 3 such that for every su‰ciently large group of Lie type G (of rank r), there exist maximal tori T 1 and T 2 such that for all g A G,
for every regular t A T 1 W T 2 and every irreducible character w of G,
At this point, we prove the proposition only for the case G ¼ SL rþ1 ðF q Þ. In Section 3, we prove it in the remaining cases for which the Frobenius map is standard. The proposition holds also for the non-standard cases but we omit the proof, since it is not needed for Theorem 1. Thanks to [9] and [10] with multiplicity r l . Therefore, every element in T 1 X g À1 T 2 g has a single eigenvalue, which must belong to F q . It follows that T 1 X g À1 T 2 g is the group of scalar matrices, i.e., ZðGÞ.
If r f 2, t A T 1 W T 2 is regular semisimple, and w is an irreducible character of G, then
by Corollary 4. For rank 1, i.e., in the case G ¼ SL 2 , we have jwðtÞj e 2 for all regular elements and all irreducible characters.
The element in T 1 corresponding to a is regular if and only if F q ðaÞ ¼ F q rþ1 . The set of elements in F q rþ1 not generating the whole field has cardinality less than
Except in rank 1, this quantity is less than q r =2 < jT 1 j=2 except when q ðrÀ1Þ=2 < 4. This gives a finite list of exceptions together with the case r ¼ 1. For SL 2 , the number of elements in T 1 which are not regular is at most 2, so again more than half of the elements in T 1 are regular when jGj is su‰ciently large. Now ½NðT 1 Þ : T 1 e r þ 1 implies
Likewise, the element of T 2 corresponding to b A F q r is regular as long as r f 2 and F q ðbÞ ¼ F q r . There are less than
non-regular elements. For r ¼ 1, there are at most 2 < q r=2 non-regular elements in T 2 . Either way, if jGj is su‰ciently large, at least half of the elements of T 2 are regular, and the estimate for jT rcc 2 j follows from ½NðT 2 Þ : T 2 e r. r
We now prove the main theorem, assuming Proposition 7, for all finite simple groups of the form G=ZðGÞ, where G ¼ GðF q Þ.
Proof. By [10] , we may assume that G is not of the form SL 2 ðF q Þ, SL 3 ðF q Þ, or SU 3 ðF q Þ.
Let X i denote the union of all conjugacy classes C i; j of regular semisimple elements of T i . We claim that for i A f1; 2g, there exist ðx i ; y i ; z i Þ A X 3 i such that x i y i ¼ z i , and hx i ; y i i ¼ G. Let x i , y i , z i denote the images of x i , y i , z i respectively in G :¼ G=ZðGÞ. By (4), we have
To prove that triples ðx i ; y i ; z i Þ as above actually exist, we estimate the cardinality
and compare this to the sum
where max G denotes the set of maximal proper subgroups of G. This quantity is bounded above by
where mðGÞ is the minimal index of a proper subgroup of G or, equivalently, the minimal degree of a non-trivial permutation representation of G. By (3), mðGÞ f c 1 q r . The main theorem of [15] asserts that for all s > 1,
where the limit is taken over any sequence of finite simple groups with order tending to y. We could equally well take the limit over quasi-simple groups, since there is an indexpreserving bijective correspondence between the maximal proper subgroups of a quasi-simple group and those of its simple quotient. This implies that (7) is bounded above by q Àr=2 jGj 2 for all jGj su‰ciently large.
Decomposing X i into conjugacy classes C i; j , indexed by j A T rcc i , we can write
jfðx; y; zÞ A C i; j Â C i; k Â C i; l j xy ¼ zgj:
Using the well-known formula [22] , (7.3) for the summand, this is
By (6), the contribution of the trivial character to (8) is
for some constant c 4 independent of G. By (5), the absolute value of the sum of the contribution of all non-trivial characters to (8) From this and (3), we deduce that for G su‰ciently large, the right-hand side of (9) is bounded above by
and it follows that (8) is bounded below by c 6 r À6 jGj 2 for G su‰ciently large. Comparing this to our upper bound for (7), we conclude that for all G su‰ciently large, there exist triples ðx i ; y i ; z i Þ with the properties claimed. r
Pairs of maximal tori
In this section, we prove Proposition 7 in the case that F is a standard Frobenius map.
Proof. For each choice of Dynkin diagram D and each positive integer m dividing the order of AutðDÞ, we specify two elements w 1 ; w 2 A W z 1. We then prove that if T 1 and T 2 are F q -rational maximal tori of G corresponding to w 1 and w 2 respectively, then T i :¼ T i ðF q Þ satisfy (4), (5), and (6). Instead of proving (5) 
where N i is the group of F q -points of the normalizer N i of T i , and n i denotes the number of subgroups of prime order in Stab W ðw i Þ.
We note that T i will always contain at least one regular semisimple element and will therefore be non-degenerate, so if c 7 and c 8 exceed jW j, (10) and (11) hold trivially. We will only check these conditions, therefore, in the classical cases, i.e., A r , 2 A r , B r , C r , D r , and 2 D r .
By [3] , 3.2.2, jTj ¼ jY =ðF À 1ÞY j, where Y denotes the cocharacter group of T. If T is associated to the orbit of ðw; 1Þ in W z 1, this equals the determinant of qw acting on the coweight space (or equivalently on the weight space). The eigenvalues of ðw; 1Þ are roots of unity, and decomposing the spectrum into Galois orbits, we obtain a formula for jTj of the form Q s j¼1 F k j ðqÞ, where F k denotes the kth cyclotomic polynomial, and the total degree of the product is r. The subset of elements of T fixed by any particular non-trivial element of W is a polynomial in q of lower degree. As every semisimple element in T which is not regular is fixed by some non-trivial element of W , it follows that in fixed rank, (6) holds for all su‰ciently large G.
To check (4) it is useful to note that for monic polynomials RðxÞ and SðxÞ, the greatest common denominator of RðqÞ and SðqÞ divides the resultant of R and S. Also, for cyclotomic polynomials
1 otherwise:
&
To compute the resultant of two products of cyclotomic polynomials, we use bimultiplicativity. In general, the greatest common divisor À RðqÞ; SðqÞ Á divides À res À RðxÞ; SðxÞ Á ; RðqÞ Á . Since T 1 X g À1 T 2 g contains ZðGÞ for all g, it su‰ces to prove that À RðqÞ; SðqÞ Á divides jZðGÞj to prove that T 1 X g À1 T 2 g ¼ ZðGÞ for all g A G.
We now specify choices for w i in each case, except split A r , which has already been treated, checking (6), (10) , and (11) in the classical cases and (4) in all cases. Note that (6) follows from (10) as long as at least one quarter of the elements of T i are regular semisimple, which we will see is in fact the case whenever G is su‰ciently large. By Corollary 6, (11) follows from (10) as long as Stab W ðw i Þ is abelian with a cyclic subgroup of bounded order.
In this case, W ¼ S rþ1 , and m ¼ 2. The action of F is inner (it is in fact conjugation by a product of bðr þ 1Þ=2c disjoint 2-cycles), so W 0 ¼ S rþ1 Â Z=2Z, and S rþ1 -orbits of elements of S rþ1 Â 1 can be identified with S rþ1 -conjugacy classes. We set
The stabilizers of w 1 and w 2 are cyclic groups of order r þ 1 and r respectively, just as in the split case. This gives (10) and (11).
We have
where
Thus, ðjT 1 j; jT 2 jÞ divides the order of ZðGÞ, so T 1 X g À1 T 2 g ¼ ZðGÞ. This gives (4).
The analysis of non-regular elements of T 1 or T 2 works as in the split case, giving an Oðq ðrþ1Þ=2 Þ upper bound, so again more than half of the elements are regular when G is large. This implies (6).
Here the Weyl group is ðZ=2ZÞ r z S r , i.e., the group of permutations of the set f1; 2; . . . ; r; 1 0 ; 2 0 ; . . . ; r 0 g which respects the partition ff1; 1 0 g; . . . ; fr; r 0 gg. We set
The centralizers of w 1 and w 2 are Z=2rZ and Z=2Z Â Z=rZ respectively, so again we have (10) and (11) . The torus orders are
so ðjT 1 j; jT 2 jÞ divides ð2; q r À 1Þ ¼ ð2; q À 1Þ ¼ jZðGÞj.
We can identify T i with fl A F q j l jT i j ¼ 1g, and if t A T i fails to be regular, the corre-
Thus, we may assume k e r=2, and the number of non-regular elements of T 1 or T 2 is Oðq r=2 Þ.
This case is in all respects parallel to that of B sc r ðqÞ.
We regard W as an index 2 subgroup of ðZ=2ZÞ r z S r . If r is divisible by 4, we set s ¼ r=2 and let
The centralizers of w 1 and w 2 are both contained in
which has order Oðr 2 Þ and a cyclic subgroup of index 4. We have
so ðjT 1 j; jT 2 jÞ divides
but also the highest power of 2 dividing ðjT 1 j; jT 2 jÞ is 4 if q is odd and 1 if q is even. Thus, ðjT 1 j; jT 2 jÞ ¼ jZðGÞj.
If r 1 2 ðmod 4Þ, we set
The centralizers of w 1 and w 2 are Z=rZ Â Z=2Z and Z=ð2r À 2ÞZ Â Z=4Z respectively. Each has order OðrÞ and a cyclic subgroup of index e 4. We have
If r is odd, we set
The centralizer of w 1 is Z=rZ, while the centralizer of w 2 is Z=ð2r À 2ÞZ. We have
With one exception, we can bound the number of non-regular elements of T i by Oðq ðsÀ1Þ=2 Þ. This exception is T 2 in the case that r is 2 ðmod 4Þ. Here elements of T 2 can be regarded as pairs ða; bÞ A F 2 q such that a q 2 þ1 ¼ b
that such a pair corresponds to a non-regular element is that a q a G1 ¼ 1 for some positive
can hold for as many as 2 q 2 þ 1 jT 2 j e ð2=5ÞjT 2 j pairs, while the latter condition holds for Oðq ðrþ2Þ=2 Þ pairs. We conclude that if G is su‰ciently large, it is still true that more than half of the elements of T 2 are regular.
We identify W z Z=2Z with ðZ=2ZÞ r z S r . If r is even, we set
The W -stabilizers of w 1 and w 2 are contained in their centralizers in ðZ=2ZÞ r z S r , which are respectively Z=2rZ and Z=ðr À 1ÞZ Â Z=2Z. Each has order OðrÞ and a cyclic subgroup of index e 2. We have
There are Oðq r=2 Þ non-regular elements in T 1 and at most 2 q þ 1 jT 2 j þ Oðq ðrþ1Þ=2 Þ non-regular elements in T 2 . If G is su‰ciently large, more than one quarter of the elements of T i are regular.
The centralizers of w 1 and w 2 in ðZ=2ZÞ r z S r are respectively Z=2rZ and Z=ðr À 2ÞZ Â Z=4Z, each of order OðrÞ with a cyclic subgroup of index e 4. We have
There are Oðq r=2 Þ non-regular elements in T 1 and at most 2
non-regular elements in T 2 . If G is su‰ciently large, more than half of the elements of T i are regular.
By [23] , Table 9 , there exist elements w 1 and w 2 such that 2f þ1 Þ can be treated similarly. However, alternative proofs for these groups have already been provided in [9] and [10] .
The proof for the Ree groups G ¼ 2 F 4 ð2 2f þ1 Þ relies on the following two theorems.
(iii) Both t 1 and t 2 are odd, and if some odd prime divides both of them, then it also divides t 1 À t 2 ¼ 2 ffiffiffiffiffi 2q p ðq þ 1Þ ¼ 2 f þ2 ðq þ 1Þ, and so it must divide ðq þ 1Þ. Now, since
such a prime also divides q 2 ¼ 2 4f þ2 , yielding a contradiction. r
Let T be one of T 1 ; T 2 and set t ¼ jTj.
Since T is cyclic, there exists some z A T of exact order t. Note that z is regular and semisimple, and denote by C z the conjugacy class of z in G. By Theorem 8,
Moreover, jzj ¼ t, jN G ðTÞj ¼ 12 Á t and gcdðt; 12Þ ¼ 1; therefore C z X N G ðTÞ L ðC z X TÞ and so jC z X N G ðTÞj e 12.
By Lemma 10(ii), if f f 2 then T contains at least 156 elements of exact order t, and each of them has at most 12 G-conjugates in T; thus one can find 13 elements w 1 ; . . . ; w 13 A T of exact order t, each of them belonging to a di¤erent conjugacy class in G. These elements are regular and semisimple, and we denote their corresponding conjugacy classes by C w 1 ; . . . ; C w 13 .
By Theorem 9, one can write z ¼ x j y j , where x j A C z and y j A C w j , for 1 e j e 13. Observe that all the elements y 1 ; . . . ; y 13 are necessarily distinct, as they belong to distinct conjugacy classes. Therefore, all the elements x 1 ; . . . ; x 13 are also distinct. Now, since jC z X N G ðTÞj e 12, there exists some 1 e j e 13 such that x j B N G ðTÞ. Since T ¼ hzi and N G ðTÞ is the only maximal subgroup of G containing T (by Theorem 8) it follows that hx j ; zi ¼ hx j ; y j i ¼ G.
Applying the above argument for T ¼ T 1 and T ¼ T 2 , we deduce that whenever f f 2, there exist x 1 , y 1 , z 1 of exact order t 1 and x 2 , y 2 , z 2 of exact order t 2 such that
and hx 1 ; y 1 i ¼ G ¼ hx 2 ; y 2 i:
One can verify that this statement also holds for f ¼ 1 using the Magma computer program [2] .
Moreover, by Lemma 10(iii), t 1 and t 2 are relatively prime, therefore Sðx 1 ; y 1 Þ X Sðx 2 ; y 2 Þ ¼ feg;
implying that ðx 1 ; y 1 ; x 2 ; y 2 Þ is an unmixed Beauville structure for the group G ¼ 2 F 4 ð2 2f þ1 Þ.
